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Abstract We investigate the spectral characteristics and source properties of earthquake rupture models
with self-similar, self-healing slip pulses. We compare pulse-like and crack-like rupture models across various
idealized and heterogeneous source scenarios to identify conditions under which far-field displacement spectra
characterized by two corner frequencies (double-corner frequency spectra) emerge. Five primary mechanisms
are identified as causes of second high-frequency corners: (a) slip-pulse width, (b) rupture directivity, (c)
gradual rupture arrest, (d) characteristic length of slip heterogeneity, and (e) Mach waves from supershear
rupture. Spectra associated with slip-pulse width are most evident at small take-off angles from the fault normal,
while those linked to rupture directivity and characteristic slip heterogeneity appear at large take-off angles.
Estimated stress drops depend strongly on rupture mode and speed. Pulse-like models exhibit greater variability
in estimated stress drops due to unknown rupture speeds than crack models, with pulse-like ruptures
systematically underestimating moment-based stress drops by up to 40%. Comparisons to a recent study of Mw
3.0 to 5.5 earthquakes in Japan indicate a relationship between normalized corner frequency and scaled energy
that fits better with pulse-like rupture models than with crack models, indicating small- to moderate-size
earthquakes predominantly exhibit pulse-like rupture behavior. The gradual rupture arrest mechanism can
produce double-corner spectra; however, it is unlikely to represent realistic earthquake sources due to its @™
spectral decay. Our results highlight the importance of incorporating pulse-like rupture dynamics into source
models and point out challenges in interpreting source spectra and stress drop estimates when rupture
characteristics are uncertain.

Plain Language Summary Earthquakes release seismic waves through ruptures along faults, and
understanding the details of these ruptures helps us better interpret seismic data. This study examines two types
of earthquake rupture behaviors: “pulse-like,” where the fault slip stops quickly, and “crack-like,” where it
continues until the rupture reaches the fault's edge. By simulating various scenarios, we identify conditions that
produce unique “double-corner” frequency patterns in seismic waveforms. These patterns can result from
factors such as slip-pulse width, rupture speed, fault slip heterogeneity, or the effects of supershear rupture. Our
findings show that pulse-like ruptures better match observed seismic energy patterns than crack-like ruptures,
indicating that small- to moderate-size earthquakes often exhibit pulse-like behavior. However, estimating
earthquake stress drops is challenging, as pulse-like ruptures introduce more variability than crack-like models.
These results highlight the importance of considering pulse-like dynamics when modeling earthquakes and
interpreting seismic data.

1. Introduction

Earthquakes may exhibit two primary rupture modes: a crack-like mode, where the local slip duration on the fault
is comparable to the overall rupture duration, and a pulse-like mode, where the local slip duration is much shorter
than the rupture duration (Heaton, 1990; Nielsen & Madariaga, 2003). While large earthquakes typically exhibit
pulse-like rupture behavior (Kearse & Kaneko, 2025; Melgar & Hayes, 2017), it is not yet clear whether small
earthquakes predominantly follow crack- or pulse-like rupture modes due to limited resolution within the rupture
zones. Furthermore, the physical mechanisms responsible for arresting local slip and generating pulse-like
ruptures are still not fully understood. Proposed explanations include self-healing slip governed by velocity-
dependent friction (Heaton, 1990), stopping phases generated at fault strength barriers (Day, 1982), and pro-
cesses occurring within the fault damage zone (Huang & Ampuero, 2011).
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Assuming self-similarity of earthquakes, where stress drop and scaled energy are independent of earthquake size,
small earthquakes would exhibit rupture characteristics similar to those of larger events. Consequently, most
small earthquakes may follow a pulse-like rupture mode, analogous to their larger counterparts.

Nevertheless, theoretical models based on crack-like rupture behavior are widely used to infer the source
properties of small earthquakes. For an elliptical crack in a homogeneous elastic medium, stress drop As of an
earthquake can be expressed as

M,
Ac = — 1
o= C(a,b,v) A (D

where C(a,b,v) represents a geometrical parameter determined by the major and minor axes (a and b) of the
ellipse, v is Poisson's ratio, M|, is the seismic moment, and S denotes the source area (Eshelby, 1957; Madar-
iaga, 1977). In the case of a circular source of a radius a within a Poissonian solid (i.e., v = 0.25), Equation 1
simplifies to

_ 1M

Ao =20
16 &

)
Since direct measurement of source dimensions is typically infeasible, Ao is estimated from far-field body wave
spectra by measuring the corner frequency f. and employing a theoretical model of circular rupture. Assuming a
theoretical rupture model, the source radius a can be linked to the spherical average of corner frequencies f, in
body wave seismic spectra using the relationship

7=kl
a

Jo=k=, 3)

where f is the S-wave speed and k is a constant that depends on the wave type (P or S waves) and the specific
theoretical circular rupture model, including rupture speed and source complexity (e.g., Brune, 1970; Kaneko &
Shearer, 2014; Madariaga, 1976; Sato & Hirasawa, 1973). Combining Equations 2 and 3, the stress drop can be
estimated via

_T(EY

Numerous observational studies have estimated stress drops for small to moderate earthquakes using Equation 4
(e.g., Abercrombie, 1995; Abercrombie, 2014, 2015; Abercrombie, 2021; Allmann & Shearer, 2009; Calderoni &
Abercrombie, 2023; Huang et al., 2017; Lin & Lapusta, 2018; McGuire & Kaneko, 2018; Shearer et al., 2022).
Shearer et al. (2022) used a P-wave spectral decomposition approach to measure f, and M, assumed k derived
from Kaneko and Shearer (2014), and estimated stress drops for M1.5-M4 earthquakes in southern California
from 1996 to 2019. They observed significant spatial variability in median stress drops and deviations from a self-
similar model for M > 3 events. This deviation was attributed to trade-offs between the assumed high-frequency
falloff rate and corner frequency fitting. Abercrombie (2021) compiled source parameter measurements from
various studies, showing that within-study variations are comparable to those observed across different studies.
This variability likely stems from differences in spectral fitting methods, actual stress variations, and assumptions
inherent in source models (e.g., Baltay et al., 2025; Neely et al., 2025). Understanding the factors contributing to
this variability remains an unresolved challenge.

Dynamic source models that quantify the value of k in Equation 3 are largely based on crack models (e.g.,
Brune, 1970; Kaneko & Shearer, 2014; Madariaga, 1976; Sato & Hirasawa, 1973). For instance, Brune (1970)
proposed a simplified kinematic model for a circular fault, resulting in k = 0.37 for S waves. Sato and Hir-
asawa (1973) applied Eshelby's static solution (Eshelby, 1957), assuming radially propagating rupture that halts
abruptly at the source radius, resulting in k¥ = 0.44 and k% = 0.32 for rupture speed V, = 0.94. However, this
model assumes instantaneous cessation of slip across the entire fault plane, which is unphysical. Madar-

iaga (1976) simulated a dynamic singular crack model with spontaneous healing of slip and found k* = 0.32 and
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Table 1
Comparison of k* and kS Values From This Study With Those From Previous Studies

Crack model Pulse model

Vi/p kSBrune ksan kg&H KNtada kiflada ks ki&s ke k\SN&D k¥ K
Infinite 0.37

0.9 0.44 0.32 0.32 0.21 0.38 0.26 0.50 0.39
0.83 0.40 0.36

0.8 0.41 0.30 0.35 0.26 0.45 0.42
0.7 0.39 0.29 0.32 0.26 0.39 0.38
0.6 0.34 0.27 0.30 0.25 0.34 0.33

Note. Subscripts Brune, S&H, Mada, K&S, and W&D correspond to the models of Brune (1970), Sato and Hirasawa (1973),
Madariaga (1976), Kaneko and Shearer (2014), and Wang and Day (2017), respectively.

kS = 0.21 for V, = 0.94. Kaneko and Shearer (2014) investigated cohesive-zone models of a circular fault in the
small-scale yielding limit and numerically determined that the values of k” = 0.38 and k5 = 0.26 for the singular
crack model with spontaneous slip healing and V; = 0.9 are greater than those estimated by Madariaga (1976).
Different k values reported in previous studies are summarized in Table 1. Clearly, any uncertainty in k in
Equation 4 is magnified by being cubed when computing the stress drop. Furthermore, the inference of the
underlying source process using Equation 4 is inherently tied to the assumed crack-like model through the specific
choice of k.

More recently, Wang and Day (2017) simulated pulse-like ruptures on a fault governed by rate and state
dependent friction laws with enhanced weakening and derived k* = 0.40 and k% = 0.36 for the growing pulse
scenario, where the peak of the local slip rate increases with distance from the center of the fault. Assuming the
values of k5 in Wang and Day (2017), the estimated stress drop via Equation 4 yields a stress drop 5.0 times
smaller than that based on the crack model of Madariaga (1976). The pulse-like rupture models of Wang and
Day (2017) also showed the appearance of a second, high-frequency corner in the stacked displacement spectra,
which could be interpreted as indicative of pulse width. However, due to the artificial nucleation patch and the
non-self-similar nature of their source models, generalization and applications to earthquakes of varying sizes
remain uncertain. For example, the assumption of quasi-constant pulse widths cannot be applied to model
earthquakes of different magnitudes (e.g., M2 vs. M5). One way to address this limitation is to consider a self-
similar, self-healing slip pulse model developed by Nielsen and Madariaga (2003). However, due to its two-
dimensional nature, this model is not well suited for analyzing or comparing the resulting spectral characteris-
tics of waveforms with observations.

Many observational studies have noted discrepancies between observed earthquake spectra and the Brune model,
which is characterized by a smooth spectrum with a single corner frequency and £~ falloff in displacement at
high frequencies. Deviations for individual earthquakes are often attributed to source complexity (e.g., Aber-
crombie, 2021; Neely et al., 2025), but a growing number of studies have found evidence for double-corner
frequency models with an intermediate falloff rate considerably less than =2 between the lower and upper
corner frequencies (e.g., Archuleta & Ji, 2016; Atkinson, 1993; Atkinson & Silva, 1997, 2000; Boatwright &
Choy, 1992; Boore et al., 2014; Denolle & Shearer, 2016; Garcia et al., 2004; Izutani, 1984; Ji & Archuleta, 2020;
Luco, 1985; Shimmoto & Miyake, 2025). Further support for an intermediate falloff rate above a lower corner
frequency has come from the global earthquake analyses of Allmann and Shearer (2009) and Ye et al. (2016), who
found high-frequency falloffs averaging f~"*° in teleseismic data, but did not have the bandwidth to resolve a
possible second corner frequency.

Observations of spectra with double corner frequencies are often interpreted using Haskell's kinematic model
(Haskell, 1964), which attributes the two corners to distinct time scales associated with the local rise time and the
total rupture duration. However, the Haskell model assumes a line source that initiates abruptly and does not
account for the effects of stopping phases from the top and bottom edges of the fault on slip arrest, making it
somewhat unphysical. Many possible explanations have been proposed for the existence of a second, higher
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corner frequency, including fault width (e.g., Savage, 1972), models involving asperities or multiple subevents
(e.g., Atkinson & Silva, 2000; Boatwright, 1988; Boatwright & Choy, 1992; Luco, 1985), and models of a
propagating slip pulse of limited duration (e.g., Bernard et al., 1996; Denolle & Shearer, 2016; Gusev, 2013;Ji &
Archuleta, 2020; Wang & Day, 2017). Consequently, the origin and occurrence rate of the second high-frequency
corner remain unclear.

To address these issues, we develop idealized, three-dimensional source models of earthquake rupture featuring a
self-similar, self-healing slip pulse and analyze the resulting far-field displacements and spectra. Motivated by
observational studies reporting invariant stress drops and scaled energy over a wide range of earthquake mag-
nitudes, we adopt self-similar slip-pulse models as the logical basis of our analysis. The setup of the source
models is detailed in Section 2. Section 3 compares the spectral characteristics and estimated stress drops of
representative pulse models with those of the crack models. In Section 4, we explore the occurrence of double-
corner frequency spectra across various rupture modes, geometries, and rupture velocities. Additionally, we
examine more complex source scenarios, such as spontaneous rupture arrest and heterogeneous fault conditions,
in Sections 5 and 6. Finally, in Section 7, we discuss the implications of our findings for interpreting small to
moderate earthquakes.

2. Model Setting

We consider circular and elliptical faults embedded in an infinite, homogeneous, isotropic elastic medium
(Figures 1a, 1c, and 1d). To create a source model of expanding rupture with a self-healing slip pulse, we extend
the formulation of Kaneko and Shearer (2014); Kaneko and Shearer (2015), in which the shear strength 7z, of the
fault weakens at a rate A,, within the cohesive zone and 7, increases at a rate A, with distance behind the healing
front:

Ty = max{rg — Ay (1] — Vu0), 74,74 + Ay (Ir] = Vi1, Q)

where 7,4 is the dynamic shear strength, V. is the rupture speed, V}, is the healing front speed, (Figure 1b). This
parametrization leads to pulse-like rupture with a self-similar, self-healing slip pulse. Initially, the fault is sub-
jected to a shear stress 7 and remains stationary until the shear stress reaches the fault strength z;,. The value of 7,
is not predetermined but is influenced by the dynamic strength 74 and the weakening rate A, (Figure 1b). During
slip, shear stress equals shear strength and increases after the healing front passes, arresting slip behind the
rupture. Unlike crack models that lead to stress overshoot (Kaneko & Shearer, 2014), the pulse model results in
stress undershooting that occurs behind the healing front (Figure S1 in Supporting Information S1).

We first focus on a circular symmetrical model (Figure 1a), where the rupture nucleates at the center of the fault
and expands at a constant speed V,. Rupture growth stops instantaneously when it reaches the zone of zero shear
stress beyond the source radius a (Figure 1a). The level of shear stress beyond the circular source is set much
lower than the dynamic strength z4. For simplicity, V; is fixed, but the model remains dynamic as fault motion is
calculated based on the assumed V, and prescribed dynamic stress drop Aoy (sometimes called effective stress). If
the weakening rate Ay, is too small, rupture will not stop behind the healing front, preventing the generation of a
pulse-like rupture. The final stress increases slightly at the fault center due to the increase in shear strength
(Figure 2h). We adjust A;, to minimize this stress increase at the center of the circular fault.

We also consider an asymmetrical model (Figure 1c), where rupture initiates at the edge of the circular fault, as
well as a symmetrical elliptical model (Figure 1d) to account for supershear rupture. In the elliptical model,
rupture propagates at varying speeds in different directions.

The elastodynamic equation, combined with the frictional weakening criterion (Equation 5), is solved using the
spectral element method (Kaneko et al., 2008, 2011; Komatitsch & Vilotte, 1998). The computational domain is
sufficiently large to prevent interference from waves reflected at the boundaries. For simplicity, we numerically
solve for the x-component of slip and shear traction without rake rotation, even as the elliptical rupture front
propagates. To achieve well-resolved numerical results, a minimum of 7-10 computational node points are
allocated within the cohesive zone. The spectral element model includes artificial viscosity in the Kelvin-Voigt
form to mitigate spurious oscillations generated by fault slip at frequencies beyond the resolution capability of the
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Figure 1. Model geometry and fault constitutive response. (a) A circular fault with a radius a embedded in an infinite
medium. Uniform prestress 7, is imposed within a circular fault patch, with zero prestress outside the patch. (b) Fracture
criterion in this study (red dashed line) and crack model assumed in Kaneko and Shearer (2014) (black line). Shear strength
increases linearly from position V. (as shown by a gray line) within the cohesive zone. Slip begins when the shear stress 7 on the
fault reaches the shear strength 7, and stops behind the healing front, where the distance from the center of the fault exceeds V,z.

(c) Schematic diagram of the circular asymmetrical model. (d) Schematic diagram of the elliptical symmetrical model.

mesh. The dynamic rupture code has been verified through a series of verification exercises (Harris et al., 2009,

2011).

Dimensional analysis enables representation of solutions in terms of nondimensional variables. We adopt the
following nondimensionalizations, similar to Kaneko and Shearer (2014); Kaneko and Shearer (2015), for the

circular model:

Length v’ =r/a
Time t’ =t/a
Stress of; = 6,5/ Aoy
Displacement u} = u;u/(Acqa)
Weakening Rate A, = Aya/Acy

Healing Rate A{, = Aya/Acy

©)
M
(®)
)
(10)
(11)
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Figure 2. Comparison of source characteristics between the crack model with V, = 0.94 and the pulse model with V, = 0.94
and V}, = 0.75. (a, b, e, f) Snapshots of slip-rate distribution. Triangles represent the stations used to record the slip rate
functions in panels (i and j). (c, g) Final slip distribution. (d, h) Final stress change distribution on the fault. (i, j) Slip rate as a
function of time at several points on the fault.

Seismic Moment M}, = My/(Acy(a)’) (12)
Radiated Energy E! = E/A/(Agﬁ(af), (13)

where nondimensional variables are denoted by a prime. The physical variables considered are the source radius
a, the dynamic stress drop Aoy, the S wave speed f, and the shear modulus u. Poisson's ratio is assumed to be 0.25,

such that @ = \/—?;ﬁ.

3. Comparison Between Crack Versus Pulse Models: A Circular Fault

In this section, we compare the characteristics of the circular pulse models with those of circular crack models, as
described by Kaneko and Shearer (2014, 2015). Unless otherwise specified, we set A}, = 84 and A}, = 4.2.

3.1. Source Characteristics

Figure 2 compares representative crack and pulse models in terms of slip rate, final slip, and final stress change. In
the crack model, the fault continues to slip until the arrival of stopping phases due to the sudden rupture arrest at
the fault edge. In the pulse model, slip stops spontaneously, driven primarily by the tail of the self-healing slip
pulse, but the fault also experiences stopping phases produced at its edge (Figure 2). The peak slip rate in the pulse
model increases from the center to the edge, a feature consistent with the growing pulse model described by Wang
and Day (2017) (Figure 2f). The slip rate amplitude scales approximately with the square root of distance
(Figure 2j), consistent with a self-similar, expanding circular shear crack (Kostrov, 1964). The local slip duration
is shorter in the pulse model compared to the crack model. On average, slip in the pulse model is smaller than that
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in the crack model (Figures 2c and 2g), as the slip duration is shorter in the pulse model than in the crack model. In
the pulse model, the shear stress at the center of the fault slightly increases due to its self-healing nature
(Figure 2h). Note that differences in source behavior along the Mode II and Mode III directions lead to slight
asymmetries in the results. Compared to the crack model, the moment-rate function in the pulse model decays
more rapidly from its peak due to a more abrupt slip arrest (Figures S2a and S2b in Supporting Information S1).
Overall, these source characteristics of the pulse model are similar to those in the growing pulse model of Wang
and Day (2017).

3.2. Spectral Properties

Far-field body wave displacement across the focal sphere in a homogeneous elastic whole space is computed from
fault source-time histories derived from the rupture model. The far-field body-wave displacement by a shear
dislocation at an individual fault patch is expressed as

1 1. R 1 1. R
= AP —Mo(1—= AS—M|1 -~ 14
“00 = ™ R °<’ a)+4npﬁ3 R 0(’ ﬂ)’ 4

where p is the density, MO is the moment rate, R is the distance from the source to the receiver, and A" and AS
account for the radiation patterns for far-field P and S waves, respectively (Aki & Richards, 2002). We set
R =166a > a, to satisfy the far-field assumption. Finite-source effects are included by summing u(x, r) over all
grid points. Attenuation and scattering are neglected to isolate source effects.

The corresponding spectrum is derived by applying the Fourier transform to the magnitude of the far-field
displacement, |u(x,1)|, at each receiver. For S waves, the far-field displacements and spectra are calculated for
the norm of the SH and SV waves. The corner frequency and spectral fall-off rate are estimated by fitting a Brune-
type spectral function (Brune, 1970) to an individual spectrum:

- %

where € represents the long-period spectral level proportional to the seismic moment M, f, denotes the corner
frequency, and n specifies the spectral fall-off rate. The parameters f. and n are determined by performing a least-
squares fit on the logarithmic spectrum over the frequency range, 0.05f. < f < 20f. using a grid-search method.
This range differs slightly from Kaneko and Shearer (2014, 2015) to emphasize higher frequencies. We weight the
fit inversely by frequency, ensuring equal contribution across the spectrum in a log-log plot. This enhances the fit
for the low-frequency portion of the spectrum, which typically has fewer data points. Spectra and f; are computed
at 5° intervals across the focal sphere. The take-off angle € is measured from the fault normal direction
(Figure 1a). The normalized corner frequency f! is expressed as

= 6
1 fcﬁ (16)

We compare and identify the characteristics of far-field S-wave displacement spectra between the crack and pulse
models. Figure 3 illustrates far-field S-wave displacements and spectra at receivers with different take-off angles.
In the crack model, the spectra are predominantly well-represented by a Brune-type spectral function (Figure 3a).
In contrast, spectra in the pulse model exhibit the emergence of a second corner frequency at higher frequencies at
several receivers, marked by deviations from single-corner spectral fitting (Figure 3b).

Two mechanisms explain the second corner in pulse-model spectra. At small take-off angles (normal to the fault
plane), it reflects the slip-pulse width of the propagating rupture (e.g., 0.5° in Figure 3b), corresponding to the
duration of the slip pulse before reaching the fault edge. At large take-off angles (e.g., 60°, 89.5°), the second
corner arises from rupture directivity effects (Figure 4). The rising part of the displacement corresponds to the
rupture's arrival at the nearest edge of the fault, while the return to zero marks the arrival of the S wave from the
farthest edge (Figures 3b and 4). As discussed in detail later, the second corner frequency in the spectra reflects the
rising portion of the far-field displacement caused by rupture directivity effects, which enhance the intermediate
frequency range and produce the second corner (Figure 4). Notably, a second corner also appears at large take-off
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Figure 3. Far-field S-wave displacements (upper) and corresponding spectra (lower) at four take-off angles for (a) the crack model with V; = 0.94 and (b) pulse models
with V, =0.94 and V|, = 0.89V, (blue lines) or V}, = 0.72V, (purple lines). Spectra for the V}, = 0.72V, case are uniformly shifted vertically on the logarithmic axis for
comparison. Corner frequencies are indicated by open squares. Green dashed lines show the best-fitting model of the Brune-type spectral function (Equation 15).
Normalized corner frequencies f! and fall-off rates n are indicated in the boxes. The pulse models at small take-off angles from the fault normal (0.5°) and large take-off
angle (60°, 89.5°) exhibit the double-corner frequency spectra.

angles in the crack model (Figure 3a), indicating that this feature is unrelated to slip pulse width. However, the
effect is less pronounced compared to the pulse model.

To examine pulse width effects, we compare pulse models with different V, (Figure 3b). Compared to the model
with V;, = 0.89V, (blue line in Figure 3b), the model with V};, = 0.72V, (purple line in Figure 3b), which has a
larger pulse width, exhibits a longer slip duration and, consequently, a larger displacement amplitude. At re-
ceivers with small take-off angles, waves from the edges of the circular fault arrive almost simultaneously,
resulting in a simple waveform. The portion of the displacement that drops from the peak to zero corresponds to
the duration of slip arrest after the rupture front reaches the edge of the fault. This duration is longer and the
resulting second corner frequency is smaller for the model with V}, = 0.72V, (model with larger pulse width)
(Figure 3b). At large take-off angles, the second corner frequencies are nearly identical across models with
different pulse widths, indicating that this second corner frequency is unrelated to the pulse width. The emergence
of second corners is discussed in greater detail in Section 4.1.
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Figure 4. Schematic illustration of the directivity effect discussed in the main
text. Attf3/a = 0, the S-wave first arrives at a station located in the direction

of rupture propagation (6 =~ 90°). At t#/a = t,, the stopping phase from the
nearest edge of the fault arrives, initiating a decrease in displacement (as shown
in Figure 3b). During the interval ¢ < t < t,, stopping phases from the circular
edge of the fault arrive successively, further reducing the displacement. At
tp/a = t,, the stopping phase from the farthest edge arrives, returning the
displacement to zero (also indicated in Figure 3b). The rising part of the
displacement during the interval O < ¢ < ¢, controls the spectral amplitude in the
intermediate frequency band, characterized by an ™! decay.

Figure S3 in Supporting Information S1 illustrates the far-field P-wave dis-
placements and spectra for both the circular symmetrical crack and pulse
models. The key difference between P-wave and S-wave spectra lies in the
influence of rupture directivity. Since P waves travel faster than S waves, the
relative difference between the rupture speed and the P-wave speed is greater.
As a result, the rising portion of the far-field waveform is more gradual,
diminishing the effects of rupture directivity in the P-wave spectra. In both the
crack model (Figure S3a in Supporting Information S1) and the pulse model
(Figure S3b in Supporting Information S1), a double-corner frequency does
not appear at high take-off angles (take-off angle = 60° or 89.5°) in the
P-wave spectra. In contrast, for the pulse model, a second, high-frequency
corner related to the pulse width is observed at lower take-off angles.
These results suggest that double-corner frequency spectra attributed to the
rupture directivity effects are exclusive to S-wave spectra, while double-
corner frequencies resulting from the pulse width are present in both P- and
S-wave spectra.

Figure 5 shows the spherical distributions of normalized corner frequency f;
and fall-off rates. In the pulse model, f{ values are larger at high latitudes and
smaller at low latitudes, a pattern attributed to the rupture directivity effects.
This characteristic is also observed in the crack model, though the rupture
directivity effect is more pronounced in the pulse model. The spectral fall-off
rate n is higher at higher latitudes, corresponding to the presence of double-
corner frequency spectra. The relationships between the spherical averages
of P- and S-wave corner frequencies and the source radius are shown as:

B
P _ PF
k= an
fS_ kSé
c Cl’

where k denotes corner frequency normalized by  and a. We find that, for the
pulse model, the spherical averages of the corner frequencies are k¥ = 0.50
and k5 = 0.39, which are larger than k¥ = 0.36 and k5 = 0.26 for the crack
model (Figure 5). This reflects shorter slip duration in the pulse model. The

b) pulse
(a) crack B 7 o (b) p . . e
e .
" or ke e
0.6 4 .
0.5
. .&\_‘/ X J\_‘/ Lo A\_‘/ X -S\__/ os gt
0.4
Y > v v 0.4
03 03
kP =0.36 kS =0.26 02 kP = (;50 kS =039 0.2
z z 3.5 Z
L L =8 A -
3 3
S S 25 1 b A N s N
X vy X v X v X Y
o 2
nP =23 nS=19 15 =22 =18 15

Figure 5. Spatial variations of normalized P- and S-wave corner frequencies f7 and fall-off rates n over the focal sphere for
(a) the circular crack model with V, = 0.94 and (b) the circular pulse model with rupture speed V, = 0.94 and V}, = 0.7f. The
fault is along the X-Y plane. Magenta triangles indicate receiver locations where displacements and spectra are shown in
Figure 3. The values of spherically averaged normalized corner frequency k° and k3, as well as fall-off rates n” and n® are

indicated.
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Figure 6. Rupture speed dependence of k. kS, nF, nS. In the gray-shaded region, the fall-off rate is fixed to the average value
from the case with variable fall-off rates to reduce the fitting bias effects. The value from the model of Wang and Day (2017),
by averaging the rupture speeds along the in-plane (Mode II) and anti-plane (Mode III) directions, is shown as a green
triangle. k* and &5 generally increase with rupture speed.

mean fall-off rate n ~ 2 for both models agrees with Wang and Day (2017). The k¥ and k5 values for the pulse
model are larger than those in the growing pulse model of Wang and Day (2017) (Table 1). The larger &* and &5
values for the pulse model may result from differences in rupture speed, nucleation procedures, or the non-self-
similar nature of the source model assumed in Wang and Day (2017). Note that k& = 0.36 and k> = 0.26 for the
crack model are slightly different from those reported in Kaneko and Shearer (2014) due to differences in the
frequency range used for fitting.

3.3. Dependence of kp and kg on Rupture Velocity

Figure 6 illustrates the dependence of normalized corner frequencies (k*, k) and fall-off rates (¥, n%) on rupture
speeds. For cases with slow rupture speeds (V, <0.6f), the rupture stops more gradually at the fault's edge,
leading to reduced dominance of high-frequency components in the spectra. Consequently, the fall-off rates
increase and approach approximately 3. In such cases, fitting bias causes the corner frequencies to appear higher,
necessitating the fixing of fall-off rates. Thus, in cases with slow rupture speeds (indicated by the gray area in
Figure 6), the fall-off rates are fixed at n® = 2.35 and n® = 2.30 in the crack models, and n’ = 2.20 and n% =2.18 in
the pulse models, respectively, during the corner frequency estimation.

The corner frequency generally increases with rupture speed, as expected (Figure 6), because fast rupture speeds
result in shorter durations of far-field displacement. The variation in k values across different rupture speeds is
approximately twice as large for the pulse models compared to the crack models. The k values obtained in this
study are slightly larger than those reported by Wang and Day (2017) (Figure 6). For the S waves at fast rupture
speeds, kS decreases as rupture speed increases (V,/f> 0.8) (Figure 6). This behavior is attributed to fitting bias
caused by rupture directivity effects, which reduce the fall-off rate n and consequently lower the corner frequency
during the fitting process.

3.4. Scaled Energy and Radiation Efficiency

We compare the scaled energy of the crack and pulse models. We quantify estimated radiated energy by analyzing
the computed far-field spectra for both the pulse and crack models. In a uniform whole space, the far-field radiated
S-wave energy is given by
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Figure 7. Comparison of scaled energy E./M{, across the focal sphere for (a) the circular crack model with V, = 0.98, (b) the
circular pulse model with rupture speed V, = 0.9 and V}, = 0.7f, (c) the circular crack model with V. = 0.64, and (d) the
circular pulse model with V, = 0.6f. (e) Dependence of radiation efficiency on rupture speed for the crack model and pulse
models with varying pulse widths. Radiation efficiency increases with rupture speed, with the pulse model exhibiting higher
radiation efficiency than the crack model.
\_PZ o
ES = { S>5Mg/ |wA(w)|*do, (18)
dmpp 0
where (‘P%) represents the mean over the focal sphere of the radiation pattern Wg (=2/5 for S waves), M, is the
seismic moment, @ denotes the angular frequency, and A(w) refers to the normalized displacement spectrum
(Baltay et al., 2011; Mayeda & Walter, 1996). The non-dimensional scaled energy can be expressed as
S
E' ES \PZ oo
%ziizgis)Mof |a)A(w)|2dw, (19)
M() M() AO’d 41‘Cﬁ Ao‘d 0
where yu is the shear modulus and Agy is the dynamic stress drop (Kaneko & Shearer, 2015).
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Table 2 Figure 7a—7d show spherical plots of scaled energy E’/Mj, with the corre-
Source Parameters for the Rupture Models Considered in This Study sponding values listed in Table 2. In the crack model with V, = 0.95
= S — (Figure 7a), the estimated scaled energy exhibits little variation across the
Vi/B  k k k'/k>  Ac/Acy  EI/Mb  negs . . . L.
focal sphere, consistent with previous findings (Kaneko & Shearer, 2015). In
Sym.Circ.Pulse 0.6 034 033 1.0 0.75 0.10 026  contrast, the pulse model with V., = 0.98 (Figure 7b) shows moderate
0.7 039 038 1.1 0.77 0.15 039 azimuthal variation, with larger scaled energy values near the equator. This
0.8 045 042 1.1 0.80 024 0.60 difference arises because rupture directivity effects are more pronounced in
09 050 039 13 0.82 040  0.99 the pulse model. However, for models with slower rupture speeds, the dif-
AsymCircPulse 06 023 021 L1 0.74 006 0.16 ference in SC&?.lf%d ener.gy distribution between the crack and pulse models
07 025 024 11 078 011 027 becomes negligible (Figures 7c and 7d).
08 029 028 1.0 0.82 020 048  Figure 7e illustrates radiation efficiency as a function of rupture speed. Ra-
09 032 032 1.0 0.87 043 1.0 diation efficiency is defined as:
Sym.Ellip.Pulse 1.3 055 034 14 0.81 0.34  0.83 VuE
1.6 059 040 15 0.81 045 1.1 Nett = i B (20)
AO'MO

Note. Results for the symmetrical circular pulse model (Sym.Circ.Pulse),

asymmetrical circular pulse model (Asym.Circ.Pulse), symmetrical elliptical
pulse model (Sym.Ellip.Pulse), are described in Sections 4.1-4.3, respec-

where is Ao is the static stress drop. To calculate radiation efficiency, we use

tively. Spherical averages of P and S wave corner frequencies, k* and k°, the average static stress drop weighted by the final slip Aog, as described by

stress drop Ac/ Ac, (Equation 2), scaled energy E./Mj, and radiation Noda et al. (2013):
efficiency 7.4 are reported.

_ JAc(xy)D(x,y)dS

A
E SD(x,y)dS

@1

where D(x,y) and Ao(x,y) are slip and stress change distributions over the fault area S.

Radiation efficiency increases with rupture speed in both models but more steeply for pulse ruptures. At high
rupture speeds, the radiation efficiency of the pulse model exceeds that of the crack model, reaching ~1.0,
whereas both models exhibit nearly identical values at slow rupture speeds (Figure 7e). The pulse model with a
smaller pulse width achieves higher radiation efficiency due to more pronounced fault restrengthening
(Figure 7e). In contrast, the crack model shows a nearly linear increase in radiation efficiency with rupture speed.
The higher radiation efficiency observed in the pulse model at fast rupture speeds is attributed to prominent stress
undershooting. These characteristics are compared with observations of small to moderate earthquakes in
Section 7.

4. Double Corner Frequency Spectra in Crack and Pulse Models With Different
Source Geometry and Rupture Velocity

To investigate the reasons behind the emergence of double-corner frequency spectra, we analyze the spectral
properties of models with varying fault geometries and rupture propagation speeds. To quantify the appearance of
the second corner frequency and its associated change in fall-off rates, we expand upon the method of Denolle and
Shearer (2016) and introduce a double-corner frequency model for spectral fitting, as follows:

Q

AN S

u(f) = (22)

where f;; and f., represent the first and second corner frequency, respectively. In the fitting model used by Denolle
and Shearer (2016), n in Equation 22 is set to 2. However, in our approach, » is derived based on the Brune model
spectrum (Equation 15) for sufficiently large f, where f.; =~ f.,. Consequently, n represents the fall-off rate at
high frequencies (f — oo) and is referred to as n,. We then fit the spectra using a Brune-type spectral function
via grid search within the frequency range 0.05f, < f < f,, wheref, is estimated from fitting Equation 15. In the
fitting process using Equation 22, the fall-off rate in the middle frequency range is denoted as n;, while n,
represents the fall-off rate at high frequencies. Since individual spectra sometimes deviate from simple spectral
functions, we fit Equation 22 exclusively to the stacked spectra, which represent the spherical average of all
spectra over the focal sphere.
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Figure 8. Far-field S-wave displacement spectra for (a—c) circular crack models and (d—f) circular pulse models. (a, d) Stacked spectra over the focal sphere. (b, €)
Spectra at take-off angle = 89.5°. (c, f) Spectra at take-off angle = 0.5°. Black lines represent spectra for models with rupture speed V, = 0.94 and the blue ones are

V. =0.7p. Spectra for the V, = 0.7/ case are uniformly shifted vertically on the logarithmic axis for comparison. Green dashed lines indicate the best-fitting single-corner
frequency model (Equation 15), while red dashed lines represent the best-fitting double-corner frequency model (Equation 22). Normalized corner frequencies f! and fall-
off rates n are indicated. For the stacked spectra, intermediate- and high-frequency fall-off rates n; and n, are also indicated. Numerical noise in each spectrum, where
present, is indicated by a dashed ellipse.

4.1. Circular Symmetrical Model

Figure 8 compares S-wave displacement spectra for circular symmetrical crack and pulse models with varying
rupture speeds. The stacked S-wave spectra for the pulse model with V., = 0.9 exhibit a prominent second high-
frequency corner (black line in Figure 8d). At large take-off angles (6 = 90°, i.e. along the fault plane), second
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corners appear in both crack and pulse models with fast rupture speeds (black lines in Figures 8b and 8e), but are
subtle or absent in models with slower rupture speeds (blue lines). The second corner at large take-off angles
corresponds to the time from zero to the peak of the far-field displacement and is attributed to the rupture
directivity effects (Figure 4).

To confirm this interpretation, we plot the distributions of displacement durations corresponding to the rising part,
the falling part, and the total displacement duration, and superimpose them on the stacked spectra of the pulse
model (Figure S4 in Supporting Information S1). The duration distribution peaks for the total duration and the
rising portion approximately match the first (f;) and second (fi,) corner frequencies, respectively, in the stacked
spectra, suggesting that the second corner is associated with the rising part of the displacement.

Moreover, the subtle appearance of the second corner in the pulse model with a slower rupture speed (blue line in
Figure 8e) indicates that this feature is not governed by the slip-pulse width. A slower rupture velocity reduces the
rupture directivity effects and elongates the rising part of the displacement, resulting in a subtle second corner.
Nevertheless, the rising part of the displacement still corresponds to the location of the second corner frequency
(Figure S5 in Supporting Information S1), supporting our interpretation. The second corner in the stacked spectra
primarily reflects the rupture directivity effects, because contributions from observation points along the fault
plane dominate during spherical averaging. Furthermore, analytical solutions from Sato and Hirasawa (1973) for
far-field displacements and spectra in crack models show that the mid-frequency spectrum dominates at large
take-off angles, producing the second corner (Text S1 and Figure S6 in Supporting Information S1). This suggests
an alternate explanation to interpreting the second corner in stacked spectra to slip-pulse width (e.g., Wang &
Day, 2017), that is, that rupture directivity effects alone are sufficient to produce a second corner, even in
spherically averaged stacked spectra.

At small take-off angles (normal to the fault plane), second corners appear in the pulse model across all rupture
speeds (Figure 8f). This second corner corresponds to the time from the peak of the far-field displacement to zero,
representing the duration of slip arrest after the rupture reaches the fault's edge. This duration depends directly on
the slip-pulse width. Consequently, when comparing models with different rupture speeds V, (i.e., different slip-
pulse durations), the second corner shifts to higher frequencies in models with larger V, (Figure 8f).

In the crack model, at small take-off angles, second corners are absent in the models with a fast rupture speed,
whereas the model with a slow rupture speed exhibits second corners, albeit less pronounced (Figure 8c). The fall-
off rate for the high-frequency range in the slow rupture speed model exceeds 2 and approaches 3 (indicated by a
deviation from the blue curve from the green line in Figure 8c). In the model with a slower rupture speed, the time
required for the shear stress to decrease from the rupture front to the dynamic shear strength 74 becomes longer.
Consequently, the model with a slower rupture speed results in a more gradual rupture termination at the fault's
edge. As discussed in detail in Section 5, gradual rupture arrest produces a larger high-frequency fall-off rate,
which, in turn, can create a second corner frequency.

Note that double-corner frequency spectra related to rupture directivity effects do not appear in the P-wave
spectra, while those related to pulse width and gradual arrest appear similar to the S-wave spectra (Figure S7
in Supporting Information S1). The large difference between the sub-shear rupture speed and the P-wave speed
significantly reduces the rupture directivity effects, elongates the rising part of the displacement (Figure S3 in
Supporting Information S1), and shifts the second corner toward the first, resulting in a very subtle second corner
in the stacked spectra (Figure S7 in Supporting Information S1). In essence, this situation is similar to the S-wave
spectra with a slow rupture speed (blue line in Figure 8e). In addition, increasing the value of Ay, slightly enhances
the energy of the high-frequency portion of the spectra, but its overall effect is minimal, with only an up-to 5%
impact on the corner frequency and fall-off rate (Figure S8 in Supporting Information S1).

To examine how stopping phases influence our interpretation of the second corner frequency, we consider an
additional pulse model in which the rupture gradually slows down in a narrow (0.2a) annular zone near the
circular fault edge (Figure S9 in Supporting Information S1). While gradual rupture arrest leads to a steeper high-
frequency fall-off compared to the case in Figure S4 in Supporting Information S1, the directivity effects
illustrated in Figure 5 remain unchanged and thus have no significant influence on the location of the second
corner. This result is also confirmed for the case of a slower rupture speed (Figure S10 in Supporting Infor-
mation S1). These additional results suggest that the emergence of the second corner frequency in the stacked
spectra arises from enhanced intermediate spectral amplitudes caused by the rupture directivity effects (Figure 4).
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To assess the effect of the growing slip-pulse width on double-corner spectra, we also consider a model in which
the rupture and healing speeds are identical, resulting in a constant slip-pulse width (though this model lacks self-
similarity) (Figure S11 in Supporting Information S1). This alternative model initially behaves like a crack-like
rupture, with the healing front beginning to propagate at the same speed as the rupture front after a certain time,
eventually resulting in a pulse-like rupture. The emergence of double-corner frequency spectra in this model is
consistent with that in our self-similar pulse model (Figure S11 in Supporting Information S1). This result
confirms that the second corner in the stacked spectra of the circular symmetrical pulse model primarily caused by
the rupture directivity effects is not specific to the self-similar nature of our model but rather reflects a more
general feature of pulse-like ruptures.

4.2. Circular Asymmetrical Model

To examine whether double-corner frequency spectra emerge in asymmetrical rupture scenarios, we consider a
source model where the rupture initiates at one end of a circular fault and propagates toward the opposite end
(Figure 1c¢). Moment-rate functions for the asymmetrical rupture scenarios are shown in Figures S2c and S2d in
Supporting Information S1. We compare the characteristics of displacement spectra between asymmetrical pulse
and crack models. Figure 9 illustrates the far-field S-wave displacement spectra for these models. Similar to the
symmetrical pulse model, the asymmetrical pulse model shows second corners in S-wave spectra at small take-off
angles, albeit less distinctly, which are related to the slip-pulse width (Figure 9h). However, at large take-off
angles, individual spectra in the asymmetrical pulse model do not display second corners (Figures 9f and 9g),
while the stacked spectra reveal a clear second corner (Figure 9e).

The emergence of a second corner in the stacked S-wave spectra is attributed to a rupture directivity effect, not the
slip-pulse width. In the rupture propagation direction, the far-field displacement begins when waves generated at
the rupture initiation point reach the observation point and ends when waves from the slip pulse at the fault edge
arrive. This results in a first corner frequency that reflects the duration of far-field displacement in the rupture
propagation direction rather than the slip-pulse width. Consequently, the first corner frequency is particularly high
at observation points in the rupture propagation direction (Figure 9f), especially for models with high rupture
speeds (compare black and blue lines in Figure 9f), as expected.

Differences in the first corner frequencies in the rupture propagation direction (Figure 9f) and other directions
(e.g., Figure 9g) give rise to the emergence of a second corner in the stacked spectra of the asymmetrical pulse
model. In the mid-frequency range, the stacked spectra exhibit a fall-off rate of ~1.5 (Figure 9e). This occurs
because spectra in the relevant frequency range showing flat characteristics (fall-off rate ~0) in the rupture
propagation direction are combined with spectra exhibiting a fall-off rate of ~2 in other directions. At frequencies
exceeding the first corner frequency in the rupture propagation direction, the stacked spectra display a fall-off rate
of ~2, as this feature is consistent across spectra from all large take-off angles. Hence we attribute the second
corner frequency in the stacked spectra of the asymmetrical pulse model to a rupture directivity effect. Although
this directivity effect differs from that illustrated in Figure 4, it similarly arises from the directionality of rupture
propagation and is thus also classified as a directivity effect.

In the asymmetrical crack model, the first corners in S-wave spectra in the rupture propagation direction are
smaller than those in the pulse model (Figure 9b). This is because the absence of a self-healing front in the crack
model allows slip to persist longer, resulting in an extended displacement duration. Consequently, the first corner
frequencies in the rupture-propagation and opposite directions are closer together, making the second corner in
the stacked spectra indistinguishable and resulting in single-corner stacked spectra.

Additionally, we examine the dependence of rupture speed on the first corner frequency in asymmetrical pulse
models. The asymmetrical model demonstrates similar rupture speed dependence for normalized corner fre-
quencies and fall-off rates as observed in the symmetrical models (Table 2).

4.3. Elliptical Symmetrical Source Model With Supershear Rupture

Earthquake rupture may propagate at supershear speeds. To investigate the effect of Mach waves on resulting
spectra, we consider an elliptical pulse model with supershear rupture along the Mode II direction, following the
approach of Kaneko and Shearer (2015) (Figure 1d). The ellipticity of the fault is quantified by its eccentricity e,
defined as
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Figure 9. Far-field S-wave displacement spectra for (a—d) asymmetrical crack models and (e-h) asymmetrical pulse models. (a, e) Stacked spectra over the focal sphere.
(b, f) Spectra at take-off angle = 89.5° in the direction of rupture propagation. (c, g) Spectra at take-off angle = 89.5° in the direction opposite to rupture propagation.
(d, h) Spectra at take-off angle = 0.5°. Spectra for the V; = 0.7f case are uniformly shifted vertically on the logarithmic axis for comparison. Numerical noise in each
spectrum, where present, is indicated by a dashed ellipse. The color scheme and indicated values follow those in Figure 8.

(23)

where a and b are the major and minor axes, respectively. For ¢ = 0, the fault is circular, whereas 0 <e <1

describes an elliptical fault. The rupture speed V, and healing speed V}, can be expressed as
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where V. and V, are the rupture speeds, and V},, and V;,, are the healing speeds along the major and minor axes,
respectively. We adopt the same nondimensionalizations as Kaneko and Shearer (2015), and the source

dimension a is replaced with 4/ab. The rupture propagates with a rupture front and healing front maintaining the
elliptical fault shape. In the following, results are presented for a model with an eccentricity ¢ = 0.83. Moment-
rate functions for elliptical source scenarios are shown in Figures S2e in Supporting Information S1.

In the subshear rupture model, double-corner frequency spectra for S waves are evident at both small take-off
angles (Figure 10c) and large take-off angles (Figure 10b). These double corners are caused by pulse width
and rupture directivity, respectively. These features resemble the spectral characteristics observed in the circular
symmetrical model. Notably, at large take-off angles, the double-corner frequency spectra are observed only in
the direction of the fault's long axis. The second corner in the stacked spectra (Figure 10a) is less prominent
because variability in the spectral shapes among stations with large take-off angles, caused by the fault's ellipticity
and asymmetry, contributes to the stacked spectra. This suggests that the second corner in stacked spectra
resulting from rupture directivity depends on fault symmetry.

The spectral characteristics of the supershear rupture model are similar to those of the subshear rupture model,
with one exception (blue lines in Figures 10a—10d). At small take-off angles close to the fault normal direction,
double-corner frequency spectra appear due to the pulse width (Figure 10c), while at large take-off angles, they
result from rupture directivity (Figure 10b). However, the effect of shear Mach waves is evident. Shear Mach
waves emerge at the “Mach angle” cos~H(BIV,) (e.g., Bernard & Baumont, 2005; Mello et al., 2010), which is
51.3°1n this model. At this angle, prominent double-corner frequency spectra emerge due to the sharp rise of the
far-field displacements (Figure 10d). The stacked spectra of the supershear rupture model include the effect of
Mach waves, with the mid-frequency range showing larger amplitudes than in the subshear rupture model
(Figure 10a).

Figures 10e—10g show the P-wave spectra for the symmetrical elliptical model under subshear and supershear
rupture conditions. For subshear rupture (black line in Figure 10f), the second corner is absent, consistent with the
circular symmetrical model. For supershear rupture (blue line in Figure 10f), the spectra exhibit a second corner
attributed to P-wave rupture directivity, as the rupture speed approaches the medium's P-wave speed. Addi-
tionally, the second corner associated with the pulse width is evident in the P-wave spectra (Figure 10f). However,
the effect of Mach waves is absent, as the rupture speed in this model remains below the P-wave speed.

4.4. Elliptical Asymmetrical Model

To further explore the emergence of a second corner frequency in stacked spectra under asymmetrical pulse
scenarios, we consider a source model in which the rupture initiates at one end of an elliptical fault and propagates
toward the opposite end (Figure 11). The ellipticity of the fault in this model is set to 0.94, and the moment-rate
function is shown in Figure S2f in Supporting Information S1.

Due to the high ellipticity, which amplifies the effects of stopping phases from the fault edges and makes the
rupture more pulse-like, the asymmetrical crack model exhibits behavior similar to that of the asymmetrical pulse
model. Stacked spectra for both the crack and pulse models with V. = 0.94 display second corner frequencies
(Figure 11a). This behavior is attributed to the rupture directivity effects, consistent with findings discussed in
Section 4.2 for the circular asymmetrical model. Notably, second corner frequencies do not emerge in the spectra
at individual observation stations (Figures 11b—11d). However, due to numerical noise, it remains unclear
whether second corners are present at small take-off angles (Figure 11d). Overall, these results suggest that
deviations from an idealized circular fault geometry introduce complexities that make the interpretation of second
corner frequencies more challenging.
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Figure 10. Far-field S-wave (a—d) and P-wave (e—g) displacement spectra for elliptical symmetrical pulse models. Black lines represent spectra for the model with
rupture speed V, = 0.94 (subshear rupture speed), while blue lines correspond to V; = 1.6 (supershear rupture speed). Spectra for the V, = 1.6 case are uniformly
shifted vertically on the logarithmic axis for comparison. (a, ) Stacked spectra. (b, f) Spectra at take-off angle = 89.5°. (c, g) Spectra at take-off angle = 0.5°. (d) Spectra at
take-off angle = 51.5°, which corresponds to the “Mach angle”. Numerical noise in each spectrum, where present, is indicated by a dashed ellipse. The color scheme and
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indicated values follow those in Figure 8.

5. Source Model With Spontaneous Rupture Arrest

To evaluate the applicability of our conclusions from previous sections to other idealized source scenarios, we
consider an alternative source model with spontaneous rupture arrest, motivated by Ke et al. (2022). Their dy-
namic model, which incorporates non-uniform initial stress, successfully reproduces well-established source
scaling relationships for small earthquakes, including seismic moment, stress drop, and breakdown energy (Ke
et al., 2022). Here we investigate the spectral properties of this model, referred to as the “gradual arrest model.”
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Figure 11. Far-field S-wave displacement spectra for elliptical asymmetrical pulse model (black lines) and elliptical
asymmetrical crack model (blue lines) with rupture speed V, = 0.9f. (a) Stacked spectra over the focal sphere. (b) Spectra at
take-off angle = 89.5° in the direction of rupture propagation. (c) Spectra at take-off angle = 89.5° in the direction opposite to
rupture propagation. (d) Spectra at take-off angle = 0.5°. Spectra for the crack model are uniformly shifted vertically on the
logarithmic axis for comparison. Numerical noise in each spectrum, where present, is indicated by a dashed ellipse. The color
scheme and indicated values follow those in Figure 8.

In the gradual arrest model, the initial shear stress 7, and thus the dynamic stress drop, decrease linearly from the
center to the fault edge (Figures 12a and 12b). The initial stress distribution is adjusted so that the average dy-
namic stress drop is 4 MPa, matching that of the symmetrical circular crack model. Unlike previous models, the
radius a is not fixed but defined as the distance enclosing the area where the final slip exceeds 5% of the
maximum. In this model, rupture decays progressively outward from the center (Figure 12c). The final slip and
stress-drop distributions are similar to those of the circular crack model but are more concentrated near the center
and taper smoothly toward the edges (Figures 12d and 12e). Moment-rate functions for these models are shown in
Figures S2g and S2h in Supporting Information S1.

The gradual arrest model yields distinct spectral properties. Figure 13 shows the spectral characteristics of gradual
arrest, crack and pulse models. In both models, the mean fall-off rate approaches 3, significantly higher than in
models where the rupture stops abruptly at the fault edge (Figures 13c and 13d). The gradual arrest eliminates the
dominance of high-frequency components in the spectra, resulting in a steeper high-frequency fall-off. In
particular, in models with low rupture velocity (blue lines in Figures 13a and 13b), the intermediate spectral slope
has a fall-off rate near 2, while the high-frequency slope approaches 3 due to gradual rupture arrest. This is
consistent with the findings of Madariaga (1977), who demonstrated that abrupt changes in rupture velocity (e.g.,
stopping phases) produce spectra with w~2-type high-frequency decay. In contrast, smoother changes in rupture
velocity, as in the gradual arrest model, result in higher fall-off rates. Note that, with the diminishing high-
frequency energy in these models, numerical noise in spectra becomes more apparent in the high-frequency
components (fa/f ~ 10).

In models with high rupture velocity (black lines in Figures 13a and 13b), double-corner frequency spectra are
clearly seen. While these spectral characteristics are consistent with the arresting pulse model described by Wang
and Day (2017), we attribute the emergence of the second corners to a combination of gradual arrest and rupture
directivity effects, not the slip-pulse width. Compared to the circular pulse model described in Section 4.1, the
double-corner frequency spectra are more prominent in the gradual arrest model because the steep high-frequency
fall-off enhances the distinction between the first and second corners (Figures 13a and 13b).

It is important to note that double corners in this model should not be interpreted as evidence of pulse-like rupture
behavior. Instead, they reflect the effects of gradual rupture arrest. The steep fall-off rates observed in the gradual
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Figure 12. Source characteristics of the gradual arrest model. (a) Distribution of initial shear stress minus dynamic shear
strength on the fault, decreasing with distance from the fault center. (b) Profile of initial shear stress minus dynamic shear
strength along the dashed line in panel (a). (c) Snapshots of slip-rate evolution, illustrating spontaneous rupture arrest.

(d) Final slip distribution, representing the rupture's spatial extent. (¢) The distribution of shear stress change.

arrest model are uncommon and suggest that this model may not represent real earthquakes accurately. Hence, the
applicability of gradual arrest models to natural seismic events is questionable.

6. Heterogeneous Source Model

The models considered so far are highly idealized compared to real earthquakes. Observational studies, such as
those by Dreger et al. (2007), suggest that small earthquakes can exhibit very high stress drops, ranging from 66.7
to 93.9 MPa, and that prominent asperities can exist at small scales. To examine the role of stress and slip het-
erogeneities in earthquake spectra, we introduce a heterogeneous source model with spatially variable initial
stress, generated using the method of Noda et al. (2013). In this model, the dynamic stress drop R (i.e., difference
between the initial shear stress and the dynamic shear strength) is randomly distributed according to the following
expression:
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Figure 13. Far-field S-wave displacement spectra for the gradual arrest model with rupture speed V, = 0.74. Spherical
averages of spectra for circular gradual arrest models, comparing (a) crack-like and (b) pulse-like rupture scenarios. Spectra
for the V, = 0.7f case are uniformly shifted vertically on the logarithmic axis for comparison. (c, d) Variations of P- and S-
wave normalized corner frequencies ¢ and fall-off rates n across the focal sphere, with the fault oriented along the X-Y plane.
Numerical noise in each spectrum, where present, is indicated by a dashed ellipse. The spherical averages of high-frequency
fall-off rates in the gradual arrest model are n ~ 3.

F[R — 4 MPa] = C,H(q, — q) ¢~ FIX], (26)

where F[ ] is the discrete Fourier transform, X represents a standard normal random variable, g refers to the
magnitude of a 2D wavenumber vector, v + 1 specifies the decay rate of the power spectral density of R with
increasing g, H is the Heaviside step function, g, is the truncation wavenumber limiting the range of ¢, and C,, is a
constant chosen to ensure that the standard deviation of the distribution equals y. The spatial average of R is set to
4 MPa, matching the dynamic stress drop Azy in the previous circular models. We set v = 1 and the standard
deviation y = 6 MPa.

Figure 14 illustrates the source and spectral characteristics of heterogeneous crack and pulse models, with the
corresponding distribution of R shown in Figure S12a in Supporting Information S1. The stacked spectra for both
models exhibit high-frequency fall-off rates of approximately 2.5 (Figure 14d). This relatively steep fall-off is
attributed to gradual rupture arrest in regions with low initial stress before the rupture reaches the fault's edge. The
heterogeneous models behave similarly to the gradual arrest model but with added complexity, leading to a higher
fall-off rate that may not accurately represent realistic earthquake sources. At small take-off angles (0.5°), the
pulse model shows the emergence of a second corner frequency due to the slip pulse width, while the crack model
does not exhibit this feature (Figures 14e and 14f). This behavior is consistent with the spectra of circular source
models without heterogeneities (Figures 8c and 8f).

To develop more realistic heterogeneous source models with sudden slip arrest and a w~2-type high-frequency
spectral decay (e.g., Gallovi¢ & Valentova, 2023), we modify the R distribution by assigning sufficiently small
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Figure 14. Source and spectral characteristics of crack and pulse models with stress heterogeneity. (a) Initial stress
distributions on the fault. (b) Final slip distribution in the crack model. (c) Final stress change distribution in the crack model.
(d) Stacked S-wave spectra for both the crack (blue) and pulse (purple) models. Green dashed lines indicate the best-fitting
single-corner frequency model (Equation 15), and red dashed lines represent the best-fitting double-corner frequency model
(Equation 22). Spectra for the pulse model are uniformly shifted vertically on the logarithmic axis for comparison. The high-
frequency fall-off rate is elevated due to gradual arrest, though it remains lower than in the gradual arrest model. (e) S-wave
spectra at a take-off angle = 0.5° in the crack model. The red line represents the best-fitting single-corner frequency model.
(f) Spectra at take-off angle = 0.5° in the pulse model, showing the emergence of double-corner frequencies due to slip-pulse
width. Numerical noise in each spectrum, where present, is indicated by a dashed ellipse.

negative values to regions where R < 4 MPa (Figure S12b in Supporting Information S1), causing rupture
cessation and no slip in those areas. Figure 15 shows results for two heterogeneous models with different random
distributions. In the first model (Model A) (Figures 15a—15d), the heterogeneity is relatively simple, while the
second model (Model B) (Figures 15e—15h) includes heterogeneities with a characteristic length scale related to
the spatial width of the initial stress. Pronounced stopping phases due to spatially complex rupture arrest in both
models result in pulse-like rupture behavior, and thus we focus on crack model results below. Examples of
moment-rate functions in heterogeneous source models are shown in Figures S2i and S2j in Supporting
Information S1.

Stacked spectra (Figures 15d and 15h) reveal a high-frequency fall-off rate approaching 2, consistent with abrupt
slip arrest. The second corner frequency emerges in the stacked spectra of Model B (Figures 15e—15h) but is
absent in Model A (Figures 15a—15d). Examination of 10 additional heterogeneous source models reveals that the
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Figure 15. Source and spectral characteristics of two heterogeneous crack models: (a—d) Model A and (e-h) Model B with a
characteristic length scale of heterogeneity related to the spatial width of the initial stress. (a, e) Initial stress distributions on
the fault. (b, f) Final slip distributions. (c, g) Final stress change distributions. (d, h) Stacked S-wave spectra (black line) over
the focal sphere and spectra at take-off angle = 0.5° (blue line). Spectra at the take-off angle = 0.5° are uniformly shifted
vertically on the logarithmic axis for comparison. Spectra are fitted by the single-corner model (red lines) and the double-corner
model (green lines), with the corresponding corner frequencies indicated.

second corner appears only when the heterogeneities have specific length scales related to the spatial width of the
initial stress (e.g., Figure 15e). Notably, spectra at small take-off angles 0.5° do not exhibit second corners. These
findings suggest that slip heterogeneity, defined by a scale-invariant power-law spectrum of initial stress, does not
inherently produce a second corner. Even for pulse-like rupture due to slip and stress heterogeneities, the
emergence of second corners is uncommon and depends on specific heterogeneity length scales. This highlights
the potentially limited role of slip heterogeneity in the generation of double-corner frequency spectra, reinforcing
the importance of rupture directivity and slip-pulse width in controlling spectral characteristics.

Second corner frequencies related to slip heterogeneities are also observed in the P-wave spectra. Figures S9b and
S9d in Supporting Information S1 show the P-wave spectra of the heterogeneous models in Figures 15a and 15e,
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Table 3
Summary of Key Factors Contributing to the Emergence of Double-Corner Spectra
Crack or Change in fall-
Reason for S pulse off rate (1)
waves model around f, Observation point/location Relevant figure
Slip-pulse width  pulse 1.5-2 Normal to the fault plane (small take-off angles) Figures 8 and 10
Rupture both 1.5-2 Along the fault plane (large take-off angle) Figures 8 and 11
directivity
Gradual rupture both 2-3 All directions (any take-off angle) Figure 13
arrest
Characteristic both 1.5-2 Along the fault plane (large take-off angle) Figure 15
length of slip
heterogeneity
Mach waves both 1.5-2 “Mach angle” (take-off angle ~51°) Figure 10
(supershear
rupture)

Crack or Change in fall-

Reason for P pulse off rate (n)
waves model around f, Observation point/location Relevant figure
Slip-pulse width pulse 1.5-2 Normal to the fault plane (small take-off angle) Figures 10 and S7 in Supporting Information S1
Rupture both 1.5-2 Along the fault plane (large take-off angle) Figure 10
directivity for
supershear
event
Gradual rupture both 2-3 All directions (any take-off angle) Not shown
arrest
Characteristic both 1.5-2 Along the fault plane (large take-off angle) Figure S13 in Supporting Information S1
length of slip
heterogeneity
respectively. Second corners are absent in both types of heterogeneity (Figures S9a and S9c in Supporting In-
formation S1). Since the second corner is associated with the sharp rise in far-field displacements, the greater
relative difference between the rupture speed and the P-wave speed results in a more gradual rise in the far-field
displacements. To produce a model with a sharper rise of far-field P-wave displacements, we consider another
heterogeneous model with a smaller characteristic length (Figure S13e in Supporting Information S1). In this
model, with a rupture speed V, = 0.9f, the sharper rise in far-field displacements leads to the appearance of
second corners in the P-wave stacked spectra (Figure S13f in Supporting Information S1). Hence, second corners
related to the characteristic length of slip heterogeneity appear not only in S-wave stacked spectra but also in P-
wave stacked spectra.
7. Discussion
7.1. Why and Where Do Double-Corner Spectra Appear?
From the various models analyzed in the previous sections, we identify five main mechanisms responsible for the
appearance of double-corner frequency spectra, which are summarized in Table 3:
1. Slip-pulse width.
2. Rupture directivity.
3. Gradual rupture arrest.
4. Characteristic length of slip heterogeneity.
5. Mach waves caused by supershear rupture.
Double-corner spectra associated with mechanism 4 (heterogeneity length scales), which can occur in both crack
and pulse models (Section 6), resemble previously proposed models that incorporate asperities or multiple
subevents (e.g., Atkinson & Silva, 2000; Boatwright, 1988; Boatwright & Choy, 1992; Luco, 1985). For crack
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models with a rupture speed of ~70% of the S-wave speed (and therefore a reduced rupture directivity effect),
mechanisms 3 and 4 are the only processes that allow double-corner spectra to persist, although mechanism 3
yields a high-frequency fall-off rate approaching ~3 (Table 3). For subshear crack- and pulse-like ruptures
without heterogeneities, double-corner spectra produced by rupture directivity appear only in the S-wave spectra
(Table 3). For supershear crack- and pulse-like ruptures, Mach waves can generate double-corner frequency
spectra exclusively in the S-wave spectra (Table 3). Although one can construct heterogeneous source models
with multiple crack-like subevents that yield shallow falloff rates or multiple corner frequencies (e.g., Boat-
wright, 1988; Luco, 1985), our focus here is on the relatively simple, smooth pulse-like ruptures examined in our
numerical experiments.

Spectral characteristics of each mechanism are notably different (Table 3). For mechanisms (1), (2), (4), and (5)
above, the middle-frequency range is pronounced, leading to a fall-off rate of approximately 1.5. The high-
frequency fall-off rate of ~2 results in the second corner frequency. In contrast, for mechanism (3) (gradual
arrest), suppression of high-frequency radiation due to the absence of sharp stopping phases results in a fall-off
rate approaching ~3. Gradual arrest is an unlikely explanation for the emergence of double-corner frequency
spectra in real earthquakes since the observed fall-off rates are generally closer to ~2.

Observation locations also influence the emergence of double-corner frequency spectra (Table 3). For mechanism
(1) (slip-pulse width), second corners appear at small take-off angles (normal to the fault plane), unaffected by
rupture directivity. For mechanisms (2) (rupture directivity) and (4) (heterogeneity length scales), second corners
emerge from steep displacement rises, observed at large take-off angles (along the fault plane). Second corners in
S-wave spectra may arise at the observation sites corresponding to the Mach angle. For mechanism (3) (gradual
arrest), second corners may be observed at all stations.

Stacked spectra over the entire focal sphere combine effects from various mechanisms, complicating the iden-
tification of specific causes for second corners. To detect second corners indicative of the slip-pulse width
(mechanism 1), it is crucial to focus observations at small take-off angles (normal to the fault plane). Observing a
change in the fall-off rate from ~1.5 to ~2 at such take-off angles may serve as evidence of pulse-like rupture
behavior. However, second high-frequency corners directly linked to the slip-pulse width are absent in station-
averaged or stacked spectra. This suggests that observational studies of natural earthquakes relying on such
spectra would likely miss second corners associated with slip-pulse width. Therefore, observations spanning a
range of take-off angles, from small to large, are essential for understanding the mechanisms behind the emer-
gence of double-corner spectra.

S-wave spectra are inherently more complex than P-wave spectra, particularly due to rupture directivity effects in
subshear ruptures. In contrast, second corners in P-wave spectra, where the fall-off rate changes from ~1.5 to ~2,
are limited to mechanisms (1) (pulse width) and (4) (heterogeneity length scales). Hence, utilizing P-wave spectra
may provide a more straightforward approach to interpreting double-corner frequency spectra and identify second
corner frequencies related to the slip-pulse width.

Mechanisms (3) (gradual arrest), (4) (heterogeneity length scale), and (5) (Mach waves) operate only under
specific circumstances. In particular, the infrequent appearance of second corner frequencies in pulse-like rupture
models with slip and stress heterogeneity (Section 6) indicates that heterogeneity may have a more limited in-
fluence on generating double-corner spectra than previously suggested (e.g., Atkinson & Silva, 2000; Boat-
wright, 1988; Boatwright & Choy, 1992; Luco, 1985). Nevertheless, our models represent only certain types and
spatial configurations of heterogeneity, which may differ from those occurring on natural faults, highlighting the
need for further investigation.

Since second corners associated with the slip-pulse width (mechanism 1) are most clearly observed at small take-
off angles, second corners reported for real earthquakes in recent studies may also reflect this mechanism. For
example, Denolle and Shearer (2016) reported double-corner spectra in P waves recorded at small take-off angles
from shallow-dipping thrust events, suggesting that the inferred second corners were controlled by the slip-pulse
width. Similarly, second corners identified in California earthquake data sets dominated by near-vertical strike-
slip events (Ji & Archuleta, 2020) likely include contributions from stations with small take-off angles (normal to
the fault plane), where the maximum S-wave amplitude is expected. This source-receiver geometry enhances the
spectral imprint of the slip-pulse width, implying that the inferred second corners primarily reflect this
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Figure 16. (a—b) Relationship between the moment-based stress drop, calculated using Equation 2, and the stress drop Ao ack
estimated from P- or S-wave spectral corner frequencies (Equation 4), assuming the symmetrical circular crack model with

k® = 0.36 and k* = 0.26. Green lines indicate where the true stress drop equals the estimated stress drop. The pulse model
shows greater variability in estimated stress drop. (c) Relationship between slip-weighted, area-averaged stress drop (true stress
drop) and moment-based stress drop (estimated stress drop) across various models considered in this study. The green line
denotes equality between true and estimated stress drops. Squares indicate heterogeneous models with varying levels of
heterogeneity, while other symbols correspond to models with different rupture velocities.

mechanism. Such an interpretation is consistent with the inference by Ji and Archuleta (2020), who linked the
second corner frequency to the average rise time.

7.2. Uncertainties in Estimated Stress Drop Arising From Crack Versus Pulse Model

To quantify uncertainties in stress drop estimation arising from unknown rupture speed and rupture mode, we
report stress drop using three approaches: (a) Moment-based stress drop (Acy), which is calculated using

Equation 2. (b) Estimated stress drop (Ao, ) » which is calculated using k¥ and &5 values from the crack model
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with V, = 0.98. (c) Slip-weighted area-averaged stress drop (Aog), which is weighted by the final slip distri-
bution across the fault.

Figures 16a and 16b compare Aoy with Ao, for the crack and pulse models. For the crack model with
V. = 0.95, the two measures align, as expected. The variability in estimated stress drop due to unknown rupture
speeds is larger in the pulse model than in the crack model (Figures 16a and 16b). The difference in rupture mode
introduces overestimates of about a factor of 2.5 for P-wave estimates and a factor of more than 4 for S-wave
estimates. The variability in stress drops estimated from the S wave of the pulse model is about twice as large
as that of the crack model.

Figure 16¢c compares the moment-based stress drop Aoy, with the slip-weighted area-averaged stress drop Ao,
which reflects the "true’ stress drop. The plot of the symmetrical crack model lies almost on the green line, with a
difference within 5%, as expected. This slight difference arises because the crack model in this study has a non-
uniform stress drop. In the symmetrical and asymmetrical pulse models, the stress drop calculated using Equa-
tion 2, which is based on the assumption of the crack model, is smaller than the area-averaged stress drop
weighted by the final slip calculated from the model (Figure 16¢). This difference in stress drop is about 40% in
the symmetrical pulse model with a rupture speed V, = 0.9 (Figure 16¢). This is because smaller slip, caused by
a self-healing pulse, leads to an underestimation of the moment-based stress drop Aoy,.

In the gradual arrest model, the moment-based stress drop Aoy, is smaller due to the large, concentrated slip in the
center of the fault (Figure 16c). Moment-based stress drops Aoy in heterogeneous models appear to be under-
estimated by a factor of about 2—4 (Figure 16¢). This result for the heterogeneous model aligns with the findings
of Noda et al. (2013). The large underestimation occurs because the model captures an actual slip area smaller
than the circular fault area in the heterogeneous model. Overall, these results suggest that unknown rupture
modes, slip heterogeneities, and rupture arrest mechanisms may induce large scatter in estimated stress drops,
almost independent of the actual stress drops.

Another important implication of our findings is that stacked spectra may not be entirely independent of direc-
tivity or radiation effects. Previous observational studies (e.g., Prieto et al., 2004; Shearer et al., 2006) suggested
that stacked spectra provide a more accurate depiction of the average source spectrum and enable more robust
estimates of source duration by reducing spectral distortions arising from source complexity and rupture prop-
agation, when compared with spectra from individual stations. Our results demonstrate that directivity effects can
persist in stacked spectra even for idealized, symmetric circular sources. Consequently, the first or second spectral
corner identified in stacked spectra may reflect unavoidable source-radiation effects rather than purely intrinsic
source characteristics, potentially biasing estimates of corner frequency and, in turn, stress drop.

7.3. Evidence of Pulse-Like Ruptures From Source Properties of Small to Moderate Size Earthquakes

To investigate whether small to moderate earthquakes follow pulse-like rupture modes, we compare source
characteristics derived from our models with those inferred from the observational study of Yoshida and
Kanamori (2023). Yoshida and Kanamori (2023) analyzed the source complexities and radiated energies of M,,
3-7 crustal earthquakes using high-quality seismic waveform data from approximately 1,700 events in Japan.
Various source properties, including corner frequency, duration, seismic moment, radiated energy, and the
Radiated Energy Enhancement Factor (REEF), were estimated. The REEF, a measure of source complexity, is
defined as follows (Ye et al., 2018):

E, S (E T3
REEF = £&_ - 5%0" (Er) (T7) @27)
Ro 6 \My) \M,

where Eg  rtepresents the minimum radiated energy for a given seismic moment M, and source duration T
(Kanamori & Rivera, 2004).

We aim to compare the relationship between corner frequency and scaled energy observed by Yoshida and
Kanamori (2023) with predictions from our models. Our analysis focuses on events with M,, < 5.5, which were
estimated using velocity seismograms and account for more than 98% of the events analyzed by Yoshida and
Kanamori (2023) (Figure S14a in Supporting Information S1). Since Yoshida and Kanamori (2023) did not report
estimated source dimensions for the events, we calculate normalized corner frequency to enable comparisons
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Figure 17. Relationship between normalized corner frequency and scaled energy for M,, 3—7 crustal earthquakes in Japan (Yoshida & Kanamori, 2023). (a) Results for
~1,500 events, with colors indicating the radiated energy enhancement factor (REEF). (b) Model-observation comparison, considering only data with REEF <2 and
depths <15 km. Green markers denote average scaled energy at specific corner frequencies, with orange error bars indicating variance. Blue and red lines represent models'
true scaled energy, with different rupture velocities. (c) Estimated radiated energy from w2 high-frequency extrapolation versus true radiated energy in the pulse model
with V, = 0.94 and V},/V, = 0.78 as a function of cut-off frequency f;/f.. Red and blue dots represent estimated radiated energy with (I::r + E;“i”i“g) and without
extrapolation (Er), respectively. (d) Normalized corner frequency versus estimated scaled energy with @2 high-frequency extrapolations applied to the models (see text).
Pulse models with V,/V, = 0.56-0.78 fit the data, suggesting pulse-like rupture behavior in most small- to moderate-size earthquakes.

across different earthquake magnitudes. Assuming the source geometries of these events are circular and that their
stress drops are constant and independent of magnitude:

2

M,
F = const =c,

(28)
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where § = na® is the source area. By substituting a into Equation 16, the normalized corner frequency is
expressed as:

a
1t =fc/—} =fiM,"K, (29)
where
1
= /omi2g (30)

1/3

We select an optimal constant K = 1.2 X 107 s/(N - m)"” to match the results from our crack and pulse models.

Figures 17a and 17b illustrate the relationship between normalized corner frequency and scaled energy from
Yoshida and Kanamori (2023), alongside our model predictions. In Figure 17a, all events from the observational
data set are plotted, revealing an overall increasing trend in scaled energy with normalized corner frequency,
particularly for events with small REEF values. Since our circular symmetrical crack and pulse models produce
REEF values between 1 and 2, we focus exclusively on low-complexity events with REEF <2 and depths
shallower than 15 km (Figure S14b in Supporting Information S1). Figure 17b compares the selected observa-
tional data with predictions from our circular symmetrical crack and pulse models. The pulse model results,
especially those with V},/V, values between 0.56 and 0.78, align well with the observational data. This agreement
suggests that the increase in scaled energy with rupture speed, as predicted by the pulse model, more closely
matches the observed trend. In contrast, varying K in the crack model does not reproduce the observed rela-
tionship between normalized corner frequency and scaled energy.

A potential concern is whether Figure 17b presents a valid comparison between the model and data, as Yoshida
and Kanamori (2023) estimated radiated energy by summing band-limited radiated energy, E,, with the missing

2_source model. To address this issue, we

high-frequency energy, E™*"2 which was assumed to follow an @~
further examine the potential bias introduced by this procedure. The radiated energy, E,, estimated from far-field

waves in the frequency domain for frequencies up to a cutoff frequency f, is given by (e.g., Haskell, 1964):

E=E+E =2pf ff [a<ff)2 +ﬁ(ff)2] dfdr ~ 2pffﬁ/3(if>2 dfdr, 31)
r'Jo rJo

where p is the density, i’ and i’ are far-field particle velocities for P and S waves, respectively, and [ is the area
over the focal sphere. Assuming an w2 high-frequency decay for f > f;, the missing energy, E™*"¢  can be
expressed as

- 4 2 £3
E:mssmg — na{‘{f , (32)
Spp

where a, represents the spectral amplitude at f = f,. The estimated total radiated energy, including the
extrapolation, is then given by E, = E, + E™*" (Yoshida & Kanamori, 2023).

Figure 17c illustrates the extrapolation error, defined as the discrepancy between the estimated radiated energy
using @2 high-frequency extrapolation and the true radiated energy, as a function of cutoff frequency £, for the
pulse model with V, = 0.94 and V;/V, = 0.78. As expected, the accuracy of the estimated radiated energy
deteriorates with smaller f,. However, the estimated total radiated energy, incorporating the extrapolation, agrees
more closely with the true radiated energy. The estimated total energy consistently slightly underestimates the
true energy, due to the directivity effect, which leads to an approximate @~ high-frequency decay in the in-
termediate frequency range (Section 4.1).

Figure 17d compares the scaled energy reported by Yoshida and Kanamori (2023) with the estimated scaled
energy from the source models, incorporating ™2 high-frequency extrapolations. For each model, the cutoff
frequency f; is defined as
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1/3

fr(My) = kﬂ(z—éAoﬁ-) M, (33)

where k = 0.37, and Ac,, the scaling stress parameter, is set to 100 MPa, following Yoshida and Kana-
mori (2023). The agreement between the pulse models with V,/V, = 0.78 and the data in Figure 17d shows a
slight improvement over Figure 17b. This improvement arises because the estimated radiated energy for the pulse
models at faster rupture velocities is slightly smaller than the true radiated energy (Figure 17c¢), leading to a better
match with the data. These results suggest that extrapolation errors have minimal impact, at least for the source
models considered. Overall, based on the fit to the scaled energy, these findings indicate that most small- to
moderate-size earthquakes with REEF <2 may be characterized by pulse-like rupture behavior.

Although the above inference is robust within the context of the adopted data set, it relies on source parameters
estimated in a single study (Yoshida & Kanamori, 2023). Recent studies (Abercrombie & Baltay, 2025; Cochran
et al., 2024) have reported substantial discrepancies in estimated source parameters resulting from different as-
sumptions and analysis methods. Therefore, comparisons of our model predictions with source parameters
derived using alternative approaches and from different regions will be necessary to further validate these
findings.

7.4. Self-Similar Versus Non-Self-Similar Pulse-Like Ruptures

In this study, we assume that slip-pulse width increases as the rupture propagates, which is a plausible condition if
earthquakes of all sizes are characterized by pulse-like rupture. Whether the slip-pulse width scales linearly with
rupture size, as assumed here, or follows a more complex relationship (e.g., Gabriel et al., 2024) remains an open
question. Although the self-similar pulse model developed in this study may not fully represent real earthquakes,
it provides the first comprehensive analysis of such a model and its associated spectral characteristics. Further
studies are needed to validate the assumption of self-similar scaling of slip-pulse width.

8. Conclusions

We developed fundamental models of earthquake rupture characterized by self-similar, self-healing slip pulses.
We investigated the spectral characteristics and source properties of crack-like and pulse-like earthquake rupture
models across various idealized and heterogeneous scenarios. By analyzing the far-field seismic spectra, we
examined the conditions under which double-corner frequency spectra emerge and explored their implications for
understanding earthquake rupture dynamics.

We identified five primary mechanisms responsible for the emergence of double-corner frequency spectra: (a)
slip-pulse width, (b) rupture directivity, (c) gradual rupture arrest, (d) characteristic length of slip heterogeneity,
and (e) Mach waves associated with supershear rupture. Spectra related to slip-pulse width are most prominent at
small take-off angles from the fault normal, while those associated with rupture directivity and the characteristic
length of slip heterogeneity are more evident at large take-off angles. Second high-frequency corners directly
linked to slip-pulse width are primarily observed at receivers with small take-off angles (i.e., normal to the fault)
and are generally absent in station-averaged or stacked spectra, suggesting their rarity in observational studies of
natural earthquakes relying on such spectra.

Estimated stress drops strongly depend on the unknown rupture mode and rupture speed. In pulse-like models, the
variability in estimated stress drops due to unknown rupture speeds is significantly larger than that in crack
models. The self-healing nature of pulse-like ruptures introduces a systematic underestimation of moment-based
stress drops, which can differ by up to 40% from slip-weighted area-averaged stress drops. Furthermore, het-
erogeneous and gradual arrest models amplify these uncertainties, complicating the interpretation of stress drops
in real earthquakes.

By comparing our source models with observational data from Yoshida and Kanamori (2023), we found that the
observed relationship between normalized corner frequency and scaled energy aligns more closely with pulse-like
rupture models than with crack models. This finding suggests that most small- to moderate-size earthquakes may
exhibit pulse-like rupture behavior, highlighting the importance of pulse-like earthquake models for interpreting
such events.
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The characteristic length of slip heterogeneity and gradual rupture arrest mechanisms lead to high-frequency
spectral characteristics that deviate from those of idealized models. While these effects can produce double-
corner frequency spectra under specific conditions, their role in representing realistic earthquake processes ap-
pears limited. Observations of double-corner frequency spectra in P-wave and S-wave data may instead reflect the
presence of pulse-like ruptures, as suggested by observational studies of shallow crustal earthquakes.

This study highlights the importance of incorporating self-similar pulse-like rupture processes into earthquake
source modeling and interpretation. Our results point out challenges in interpreting seismic source spectra and
estimating source parameters such as stress drops, especially when rupture speeds and modes are uncertain.
Future work should focus on further validating these findings through detailed observational analyses of small
and moderate earthquakes, with particular emphasis on spectral features that may reveal pulse-like rupture
behavior.
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Text S1: Double corner frequency spectrum predicted from the analytical solution of
Sato and Hirasawa (1973)

We observe a double corner frequency at high take-off angles in the crack model based on
the approach of Kaneko and Shearer (2014). To investigate whether this phenomenon also man-
ifests in the analytical solution of Sato and Hirasawa (1973), we derive and analyze the correspond-

ing spectrum below.

The analytical solution of Sato and Hirasawa (1973) considers a circular fault with a source
radius L. Rupture initiates at # = 0 and propagates radially outward at a constant velocity v. Fol-
lowing the framework of Haskell (1964), the displacement components of the far-field P and S

waves are expressed as:

3
a .
U, = (éﬁr/ﬁr)g sin 26 cos ¢l ,
1
Ug = Infro cos 26 cos ¢plg , (D)
Ug = 47r_ﬁr0 cos @sin ¢l

in polar coordinates (r9,0,¢), where a and S represent the P- and S-wave speeds, respectively, and
ro denotes the distance from the fault initiation point to the observation site. The spectral com-

ponent /.. is defined as:

2KVL2{7T/(1—]<2)2}X2 ;0<x <1 -k,
I = 2)
2KvL2(n/4) {1/k = x*[k(1+k)?} ;1-k <x<1+k,

T=t-ro/c,
x=v1/L,
k=(v/c)sind .

The spectral amplitude of /. (7) in Equation (2) is analytically calculated as:

[Ac(w)| = (Mo/p)|Bc(w)] 3)
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where

B.(w) = TS) [k cos(wrk) coswy, +sin(wrk) sinwy,
1
+ m{(l + k) sin(wpk) cos wy, — 2k cos(wr k) sinwL}l
+1i 3 sin(wy k) cos w k cos(wrk) si
YT — kcos(wpk) sinw
wr k(1 - k?) L L L L
1
+ m{% — (1 + k%) sin(wp k) sinwy, — 2k cos(w k) cos wL}l 4)
wr =LV .

The spectral amplitudes of the far-field displacements are given by:

My

Q(P,$) = 4rro(ad, B?)

IR, (P,S)| - |Bc(w)] S

where Rg, (P, S) represents the radiation patterns of P and S waves for a point source. The nor-
malized spectra are plotted in Figure S7. A double corner frequency spectrum is evident in the

S-wave spectra of the model with a rupture speed of V; = 0.98 at a take-off angle of 89.5°.
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Figure S1. Relationship between local slip and shear stress in our model. The fault is a circular patch with
a radius of a, centered at (x, y)=(0, 0). Red and blue lines depict slip-weakening behavior at two points along
the Mode II direction. Stress overshoot is observed in the crack model, whereas stress undershoot occurs in

the pulse model.
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Figure S2. Moment rate functions for the respective source models considered in this study. For the ellipti-

cal source models, the source dimension a is replaced with Vab. In many cases, the rising part of the moment

Time (tB/a)

rate functions follows a 2 trend, consistent with the model proposed by Sato and Hirasawa (1973).
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Figure S3. P-wave far-field displacements (upper) and corresponding spectra (lower) at four take-oft angles
for (a) the crack model with V; = 0.98 and (b) pulse models with V; = 0.98 and V}, = 0.89V; (blue lines) or
Vi = 0.72V; (purple lines). Corner frequencies are marked by open squares. Green dashed lines represent
the best-fitting Brune-type spectral function (Equation 15). Normalized corner frequencies f! and fall-off
rates n are indicated in the boxes. Only the pulse models at a small take-off angle (0.5°) exhibit double-corner

frequency spectra.
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Figure S4. (a) Far-field S-wave displacement at a large take-off angle in the circular pulse model with rup-
ture velocity Vi = 0.9 and healing front velocity ¥, = 0.7, as shown in Figure 8. The peak displacement
time (¢1) and total displacement duration (#) are indicated. (b) Displacement duration distributions over the
focal sphere and stacked spectra for the circular pulse model with rupture velocity V; = 0.98 and healing
front velocity V};, = 0.78. Three types of displacement duration are shown: the rising part of the displacement
(duration ¢, in blue), the falling part (¢, — ¢, in red), and the total displacement duration (#, in gray). The du-
ration distribution peaks for the total duration and the rising portion approximately match the first and second
corner frequencies (f.; and f,,, respectively) in the stacked spectra. The peak in the duration distribution for
the rising part appears slightly lower than the estimated second corner frequency, likely due to an inaccuracy

in the spectral fitting process for estimating f».



Spherical average
Farfield S-wave take-off angle = 89.5° 100

70
o 1.0 —— Rising part of displ.
ke —— Falling part of displ.
=1 i ?
= 0.81 i —— Displ. duration
=% ' —_
€ 0.6 1 S
@ > ~
. 1071 s
o ' 5
Q 1 o
N 04 1 k=
© ! Qo
0.2 [ =
g 1 [ @
o 1 © S
Zoot{ 2 2 102 °
oolios 10 15 20th25 30 © S
Time (tB/a) E o
>
3 ©
5 I
it [}
£ 10 £
5 2
z ks
&
L2 2
o
1074 4
r10
nl =1.4n2 =22
105 - J 0

o o Freq. (fa/p) 5 .
Figure SS5. (a) Far-field S-wave displacement at a large take-off angle in the circular pulse model with rup-
ture velocity Vi = 0.78 and healing front velocity V;, = 0.54p, as shown in Figure 8. The peak displacement
time (¢1) and total displacement duration (#) are indicated. (b) Displacement duration distributions over the
focal sphere and stacked spectra for the circular pulse model with rupture velocity V; = 0.7 and healing front
velocity V; = 0.54p. Three types of displacement duration are shown: the rising part of the displacement
(duration ¢1, in blue), the falling part (f; — ¢, in red), and the total displacement duration (¢, in gray). The
duration distribution peaks for the total duration and the rising portion approximately match the first (f.1) and

second (f-p) corner frequencies, respectively, in the stacked spectra.
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different take-off angles are shown in different colors. The S-wave spectrum with V; = 0.9 at a take-off angle
= 89.5° exhibits prominent intermediate-frequency components, showing a double-corner frequency spectrum

caused by rupture directivity effects.
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Figure S7. Far-field P-wave displacement spectra for (a-c) circular crack models and (d-f) circular pulse
models. (a, d) Stacked spectra over the focal sphere. (b, e) Spectra at take-off angle = 89.5°. (c, f) Spectra
at take-off angle = 0.5°. Black lines represent spectra for models with rupture speed V; = 0.98 and the blue
ones are V; = 0.78. Spectra for the V; = 0.7 case are uniformly shifted vertically on the logarithmic axis for

comparison. The color scheme and indicated values follow those in Figure 8.
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Figure S8. Comparison of spectra for pulse models with different healing rates Ay,. The black line repre-
sents the spectrum for a pulse model with rupture speed V; = 0.98, healing rate Ay, = 0.05Ay, while the blue
line corresponds to Ay = 0.5Ay,. Green dashed lines indicate the best-fitting single-corner frequency model
(Equation 15), and red dashed lines represent the best-fitting double-corner frequency model (Equation 22).
Normalized corner frequencies f! and fall-off rates n are indicated. The spectral characteristics of these pulse

models are nearly identical.
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Figure S9. Circular pulse rupture model with gradual arrest, with rupture velocity V; = 0.98 and healing
front velocity V;, = 0.78. (a) Distribution of initial shear stress minus dynamic shear strength. A transition

zone of width 0.2a is introduced at the edge of the fault, where the initial shear stress decreases linearly from
Tq + 4MPatory — 4 MPa, inducing gradual rupture arrest in this region. (b) Profile of initial shear stress
minus dynamic shear strength along the dashed line in panel (a). (c) Slip rates as a function of time at several
fault locations indicated in panel (a). (d) Displacement duration distributions over the focal sphere and stacked
spectra. Three types of displacement duration are shown: the rising part of the displacement (duration ¢{, in
blue), the falling part (t; — #1, in red), and the total displacement duration (75, in gray). The spectral peaks
corresponding to the total duration and the rising portion approximately match the first (f.) and second

(fe2) corner frequencies, respectively, in the stacked spectra. While gradual rupture arrest leads to a steeper
high-frequency fall-off compared to that in Figure S4, the directivity effects illustrated in Figure 5 remain

unchanged, and thus have no significant influence on f,.,.
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Figure S10. Circular pulse rupture model with gradual arrest, with rupture velocity V; = 0.7 and healing

front velocity V;, = 0.548. (a) Slip rates as a function of time at several fault locations indicated in Figure S9a.

(b) Displacement duration distributions over the focal sphere and stacked spectra. Three types of displace-

ment duration are shown: the rising part of the displacement (duration 1, in blue), the falling part (r, —

in red), and the total displacement duration (5, in gray). While gradual rupture arrest results in a steeper

1,

high-frequency fall-off compared to that in Figure S5, the directivity effects remain unchanged, and thus have

no significant influence on f,5.

14—



(a) spherical average Pulse Model with
10° upture ‘
Lm;eaivity Constant Pulse Width

10 (Not self-similar)
3
3
5 02 —Vr=Vh=0.9
g (Rupture N B
B B
& 103 Directivity)
s
£ e | ML =12n2 =23 b\
nl =14n2 =21|Vr=Vh=0.78
10° . .
102 101 100 10!
Freq. (fa/B)
(b) take-off angle = 89.5°
10° g range Rupture
Directivity
107t x>
3
‘1—2 102 .
s N
i 7 7l Vr=Vh=0.98
S 104 _:n =12]| Vr=Vh=0.7p :
+|; Numerical noise
10-5 . . o Freq. (fa/B)
1072 107 100 10
Freq. (fa/B)

Figure S11. Far-field S-wave displacement spectra for the pulse model with a constant pulse width. (a)
Stacked spectra. (b) Spectra at take-off angle = 89.5°. (c) Spectra at take-off angle = 0.5°. Blue lines repre-
sent spectra for the model with rupture speed V; = 0.96, while purple lines correspond to V; = 0.78. Green
dashed lines indicate the best-fitting single-corner frequency model (Equation 15), and black dashed lines
represent the best-fitting double-corner frequency model (Equation 22). Normalized corner frequencies f!
and fall-off rates n are indicated. The spectral characteristics are consistent with those of the self-similar pulse

models.
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Figure S12. Examples of histograms showing the distribution of initial stress minus dynamic shear strength

in the gradual arrest model. (a) Histogram for the model shown in Figure 13a, which exhibits behavior similar

to the gradual arrest model. The histogram does not perfectly follow a normal distribution due to the trunca-

tion of high wavenumbers during the generation process. (b) Histogram for the model shown in Figure 14e. In

this case, values below 4 MPa are removed from the distribution (i.e., the values of initial shear stress minus

dynamic shear strength are set to a minimum of 4 MPa), resulting in mean and standard deviation values that

differ from 4 MPa and 6 MPa, respectively. In this model, rupture abruptly arrests in regions with very low

initial stress, leading to enhanced generation of the stopping phase.
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Figure S13. Characteristics of P-wave spectra in two heterogeneous crack models: (a, b) less heterogeneous

case, (c, d) more heterogeneous case, and (e,f) more heterogeneous case with a smaller characteristic length.

(a, c, e) Initial stress distributions on the fault. (b, d, f) Stacked P-wave spectra (black line) over the focal

sphere and spectra at take-off angle = 0.5° (blue line). Spectra are fitted by the single-corner model (red lines)

and the double-corner model (green lines), with the corresponding corner frequencies indicated.
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Figure S14. Histograms of moment magnitude (My) and earthquake counts based on data from Yoshida
and Kanamori (2023). The analysis focuses on events for which source parameters were estimated from

velocity seismograms. (a) All events. (b) Events with REEF < 2 and depths shallower than 15 km.
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